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A NEW APPROACH TO THE LP-THEORY OF -A + 6 V, AND ITS 
APPLICATIONS TO FELLER PROCESSES 
WITH GENERAL DRIFTS 

DAMIR KINZEBULATOV 


Abstract. We develop a detailed regularity theory of —A + 6 • V in for a wide class of 

vector fields. The L^-theory allows us to construct associated strong Feller process in Ccx3(R'^). 
Our starting object is an operator-valued function, which, we prove, coincides with the resolvent 
of an operator realization of — A-|-fo-V, the generator of a holomorphic Co-semigroup on 
Then the very form of the operator-valued function yields crucial information about smoothness 
of the domain of the generator. 


1. Let be the Lebesgue measure on and = W^’P(M'^, the 

standard Lebesgue and Sobolev spaces, the space of Holder continuous functions 

(0 < 7 < 1), Ch = the space of bounded continuous functions endowed with the sup-norm, 

Coo C Cb the closed subspace of functions vanishing at infinity, >V"’P, a > 0, the Bessel space 
endowed with norm ||u||p^a := llfl'llp; u = (1 — g € LP, and >V“"’P the dual of >V"’P. 

We denote by B{X,Y) the space of bounded linear operators between complex Banach spaces 
X —)■¥, endowed with operator norm || • Hx^y; J3{X) := B{X,X). Set || • \\p^q := || • \\lp^l<i- 

For each p ^ 1 and p' = p/{p — 1), by (u, v) we denote the (LP, LP ) pairing, so that 

{u,v) = (uv) := f uvdC^ (u G LP, u G LP ). 

2. Consider the following classes of vector fields. 

(1) We say that a 6 : ^ C'^ belongs to F, 5 , the class of form-bounded vector fields, and write 

6 G F, 5 , if 6 is L'^-measurable, and there exists A = > 0 such that 

|| 6 (A-A)-^|| 2 ^ 2 ^ 

(2) We say that a 6 : —>• C'^ belongs to the Kato class and write b G if h is 

L'^-measurable, and there exists A = A^ > 0 such that 

||6(A-A)-^||i^i ^5. 

, , 1 

(3) We say that a 6 : C“ belongs to F|, the class of weakly form-bounded vector fields, 

1 , 

and write 6 G F|, if 6 is L“-measurable, and there exists A = A 5 > 0 such that 

||| 6 | 2 (A —A) 4||2^2^v^- 
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L^-THEORY OF -A + B ■ V, AND FELLER PROCESSES 


Simple examples show: / 0 and — F 5 7 ^ 0 for any <5, (5i > 0; 

j^d+i ^ p| ^ ^ pj ^ i^y Heinz inequality |He|^: 

(bGF^^ andf GK^+1^ ^ (^6 + f GF|, Vh = ^ + 


Denote 


rud ■■= 7r2(2e)' 


Id., , 

'2(i2 (d - 1) 2 . 


Cp := pp /4. 


The main results of our paper: 

1 

Theorem 1 (L^-theory). Let d ^ 3 and b : ^ C^. Assume that 6 G F|, mdS < 1. Then, for 

every p G X := ^===, £— there exists a CQ-semigroup e~*'^rd>'> in LP such that 

(i) The resolvent set p{—Ap{b)) contains the half-plane O := {(" G C : Re C ^ I'^d ■= 

d^, and the resolvent admits the representation: 

{C + Apib))-^ = Qp{C,b), CgO, 

where 


0p(C, b) := (C - A)-1 - Qp{l + Tp)-^Gp, 


the operators Qp,Gp,Tp G 

||Gp||p^p ^ C'llCl IIQpllp ^ <^21(1 2 , \\Tp\\p mdCpS < 1, 


( 1 ) 


Gp = Gp{C,b) := bp • V(C - A)-\ bp := \b\p-h, 

Qp, Tp are the extensions by continuity of densely defined (on 8 := U>oe- operators 

Qp\e = Qp{C,b)\s := (C - A)->|R, Tp\s = TpiC,b)\s := b^ • V(C - A)-i|6|R. 

(a) e~^^p^^'i is holomorphic: there is a constant Gp such that 

||(C + Ap(6))-'||p^p^Cp|C|-\ CgO. 

(Hi) For each 1 ^ r < p < q and C, ^ O, define 

Gpir) = Gpir,C,b) := 6^ V(C - A)-^^, Gp{r) e B{LP), 

Qp{q) = QpiQ,C,b) ■■= (C - A)~^|6|R on 8. 

The extension of Qp{q) by continuity we denote again by Qp{q). Then 

0p(C,6) = (C - A)-' - (C - A)-^-^Qp(g)(l + Tpr^Gpir)iC - A)"^, C G O; 

Qp{(,b) extends by continuity to an operator in 


^In fact, at least for b G (d ^ 3), 5 < vXT, see |KPS1 Corollary 2.9]. 
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(iv) L)(Ap(6)) C (q > p). In particular, ifrudS < 4: ^^_^y2 , there exists p £l, p > d—1, 

soD{Ap{b))cC^’\^<l-^. 

(v) Let u ^ D{Ap{b)). Then 

{Ap{b)u, v) = {u, —Av) + (6 • Vn, v), v ^ 


tt € W, 


2,1 

loc ‘ 


(m) 4 g-iAp(fe) In LP, t > 0, 

where bn ■= b if |6| ^ n, bn '■= n\b\~^b if |6| > n, and Ap{bn) '■= —A + • V, D{Ap{bn)) = W^’P. 

(vii) Ifb is real-valued, then is positivity preserving. 


(via) 

Let 


„-tAp{b) I 


fi —i'l 

p^r^Cp^rt 2''P 0 < t < 1, p < r. 


r]{x) : = 


cexp 

0 , 




if |x| < 1, 
if |x| ^ 1, 


where c is adjusted to r]{x)dx = 1. Define the standard mollifier 

ry£(x) := , e>0, x€R^. 

Theorem 2 (Coo-theory). Let d ^ 3. Assume that 

b:R'^ 


, T.h r . d-2 

6 E F|, md6 < 4- 


(d-iy 


Then for every 6 > 6 satisfying mdd < there exist e„ > 0, j, 0, such that 


and 

(^) 


bn ■■= Pe^ * bn E {R^,R^) H F|, n = 1,2, • • •, 


e s-Coo-lime ^ t > 0, 


determines a positivity preserving contraction Co-semigroup on Coo, 
where Acoo(^n) := -A + 4 • V, D{Ac^(bn)) = r\ Coo- 

{a) (Strong Feller property) {p + Ac^(6))“^[L^’ n Coo] C C°’“, 

/i > 0, p E (d - 1, a < 1 - 

(Hi) The integral kernel (^x,y) {x,y E M'^) of e~^^'^^d>) determines the (sub-Markov) 

transition probability function of a strong Feller process. 

Remarks. 1. Theorem [Hallows us to move the problem of convergence in Coo (in Theorem [2](i)) 
to LP, a space having much weaker topology (locally). 

2. In place of bn in Theorem [21 one can take (without changing the proof) 

bn := Pen * (Inb) E Co°°(M^M'") n F|, mdS < 


n = 1,2,... , 
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where is the characteristic function of {x G : |6(x)| ^ m„, |x| ^ n}, < n for all n, 

rUn t oo as n t oo. 

3. On the existing results prior to our work. First, it had been known for a long time, see 
[KS], that, for 6 : —)• d ^ 3, and b G F^, 

(i) (The basic fact) D{Ap{b)) C for every p ^ {d — 2^2l\f5), j = provided that 

0 < h < min{l,(^)2}. 

(ii) If, in addition to the assumptions in (i), \b\ G + L°°, then 

n 

exists uniformly in each finite interval o/t ^ 0, and hence determines a strongly Feller semigroup 
on Coo- 

Remark. The additional (to |6| G assumption |5| G + L°° in (ii) was removed in [Ki] , 

Theorem 3 (Yu. A. Semenov). Let 6 : —)• d ^ 3. 

a) If b & < 1? then, for each p G [l,oo), s-LP-lim„ exists uniformly on 

each finite interval off^O, and hence determines a Co-semigroup 

g-tAp(fe) ^ quasi-bounded positivity preserving L°°-contraction Cq- semigroup; 

||g-fA,.(fe)||^^^ ^ ^- 2 (r~q') Jqp all 0 < t ^ I, 1 ^ r < q ^ 00 -, 

The resolvent set p{—Ap{b)) contains the half-plane O, 

(C + Ap( 6 ))-i = 0 p(C, 6 ), CeO, 

©p(C, b) := (C - A)-i - (C - A)-i5p(l + Tp)-^Cp, 

5p:=(C-A)-^|6|R, Cp-.= bl ■V{C-A)-\ := 6 ^ V(C - A)->| Y; 

ep{C,b)GB{LP,w^’py, 

D{Ap{b)) C W^’^. In particular, for p > d, D{Ap{b)) C a = 1 — 

{Apib)f,g) = {Vf,Vg) + {b.Vf,g), / G D{Ap{b)), g G C^{R^). 

1 . 

b) IfbG F|, d < 1, then, for each p G [2,oo), s-L^’-lim„e exists uniformly on each 

finite interval oft^O, and hence determines a Co-semigroup e~^^rd>)_ 

g-tAp(fe) j^g g, quasi-hounded positivity preserving L°°-contraction Co- semigroup. 

||g“*Ar( 6 ) 11 ^^^ ^ g^^^ ^- 2 ( 7 - 5 ) jgp all 0 < t ^ 1, 2 ^ r < q ^ 00 . 

D{A2{b)) C Wl’^ 

(A 2 (b)f,g} = (Vf,Vg} + (b-Vf,g}, / G D(A 2 (b)), g G Cf-(U<^). 

We outline the proof of Semenov’s results. 

Proof, a) Indeed, for all C with Re C > 0, 

|V(C — A)“^(x, y)| ^ md{K)f^Re C — A )“2 (x, y) pointwise on R'’* x R'^ 
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(see (lA.ip in the Appendix). Therefore, for b E 

||6 • V(C - A)“^||i^i ^ Re C ^ 

and so by the Miyadera perturbation theorem, the operator — Ai(6) := A — 6 • V of domain 
D{Ki{h)) = ig the generator of a quasi-bounded Cq semigroup on whenever rridS < 1. 

Clearly € Kf \ ||5„ • V(C - A)-ii^i ^ nidS, and, for nidS < 1 and every / E D{Ai{b)), 
Ai(6n)/ Ai( 6)/ by the Dominated Convergence Theorem. (See, if needed, (lA.OD .l The latter 

easily implies the strong resolvent and the semigroup convergence of Ai(6„) to Ai(6). 

Then, for each n = 1,2,..., the semigroups > 0, are positivity preserving L°°- 

contractions, and so is The bounds 

||e-tAi(fe)||^^^ ^ Lo = KdX, and ^ ||/||oo, / G T^nL°°, 

yield via the Riesz interpolation theorem 

^ Mi/Pe*-/P||/||p, / E n L^. 

Therefore, we obtain a family of consistent Co-semigroups by setting := 

the extension by continuity in of | n L°°. 

Next, for each p E [l,oo) and all / E T := (J^^q the inequality 

\\\b\kx-Ar^b\yf\\,^6\\f\\, 

as well as inequality 

||(|6| -h y/X)p{X - A)"^(|6| -h VxyfWp ^ (1 -h 6)\\f\\p 

follow from the very definition of using Holder’s inequality. Note that the last inequality 

clearly implies that 

|||6|p(A - A)~^||p^p ^ (1 + 6)X~^, 

and the first inequality implies that, for every ^ O, p ^ [IjCc) and all / E T, 

\\bp • V(C- A)"^ I^K/llp ^ md\\\b\p{X-A)~^\b\^\f\\\p ^ md5\\f\\p. 

Now, for every p E [1, oo) and C G C, we define operators Gp, Sp, Tp acting in by 

Gp = hp- V(C - A)-\ Sp = {C- A)-^|6|^, Tp = b^- V(C - A)-i 16^. 

It is seen that Gp is bounded: 

1 _i _ 1 

||Gp||p_>.p ^ ?77-^||6 p (A A) 2 ||p_>.p ^ ?77-c?(l + 5)A . 

Sp and Tp are densely defined (on £) and, for all / E 

l|5'p/||p ^{1 + 6)~^X~^\\f\\p and \\Tpf\\p ^ mdd\\f\\p. 

Their extensions by continuity we denote again by Sp,Tp. 

Next, we define an operator function Qp{^,b) in lA by 

0p(C, b) := (C - A)-i - (C - A)-^Sp (1 + Tp)-^ Gp (gO. 
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Obviously 

0p(C,6) G B{LP) and 0p(C, G 

It is also seen that 

(C + Ai(6))"^ = 0i(C, ^), (C + Ap(6))-i I n LP = 0p(C, 6) I n LP, and so 

(C + Ap(6))-i = 0p(C,6), CgO. 

The latter implies that D{Ap{b)) C IT^’P, for all p € [l,oo). The main assertion is proved, 
b) Let 6 € F|, d < 1. Define H = \b\^{C, — A)“T S = b^ ■ V(C — A)“3 and 

e2(C, b) :=(C - A)-i (1 + H*S)-\C - A)-i (*) 

=(C - A)-i - (C - + SH*)-^Si{C - A)-3, ReC ^ A. 

We have 

\\H*S\\ 2^2 ^ ||F||2^2||5||2^2 ^ ||/7||L2l|V(C-A)-5 112^2 ^ 5 and ||02(C,fe)||2^2 ^ (l-<5)-^|Cr^ 
Note that D{K 2 {bn)) = IT^’^ and, for all Re C ^ A, by the first representation of 02(C) ^n), 

02(C,&n)-W’' = (C + A2(6n))|IR"’^ 02(C,ftn) = (C + A2(6n))-\ 

C 02 (C)^n) A 1 as C t oo by the second representation of 02 (C) A)- 

Therefore, 02(C) A) is the resolvent of —A 2 {bn)- 

Since ||02(C) A)|| 2^2 ^ (1 — <J)~^|CI~^) the semigroups are holomorphic and equi- 

bounded. 

Finally, it is seen that 02(C) A) A 02(C) &) in on Re C ^ A, and p 02(M,6n) A 1 in as 
pf oo uniformly in n. Therefore, by the Trotter approximation theorem s-L^-lim„ exists 

and determines a Co-semigroup in L^. It is also clear that this semigroup is holomorphic and 
L°°-contractive. □ 

4. Comments. 1. The fact that 6 : —)• belongs to or allows us to construct 

operator realizations of the formal differential operator —A + b ■ V as (minus) generators of 
strongly continuous semigroups in LT for some or all p G [l,oo). Coo and/or Cf,, by means of 
general tools of the standard perturbation theory (e.g. theorems of Miyadera |Vo] or Phillips 
|Phl) respectively). 

1 

2. Concerning the class F| one can not appeal to the standard perturbation theory (in contrast 

to and F^) in order to properly characterize the domain of the generator Ap{b). Indeed, 

the arguments in [Sil p. 413-416] (repeated above in the proof of Theorem [3b) say nothing about 
yyo,P-smoothness of D{Ap{b)) for p / 2. These arguments rely on (|*j) that implies that 02(C) b) is 
invertible. The natural analogue of Q in is valid only for considerably smaller class of vector 
fields: |6| G although leading to a slightly better smoothness result: D{Ap{b)) C 

cf. Theorem [T]( ip). 

3. Theorem [3] is a special case of our Theorem [TJ Indeed, the constraints on p and 5 in Theorem 

1 

[T]come solely from the estimate on ||Tp||p^p. Now, if 5 G F|, A < 1, then 

1172112^2 ^ ||77||2^2||77A2^2||V(C - A)-5||2^2 ^ ||77||L2 ^ 5 < 1- 
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And if 6 G rudS < 1, then ||Tp||p^p < 1 for all p G [l,oo), so that the interval I 3 p 

transforms into [l,oo), and a possible causal dependence of the properties of D{Ap{b)) on 6 gets 
lost. The latter indicates the smallness of as a subclass of FJ. 

4. Both proofs of Theorem [1] and Theorem [3] are based on similar operator-valued functions, 
although the arguments involved differ considerably. 

5. Note that for b G u G D{Ai{b)) satisfies u G for 6 G u G |KS] . while in 

Theorem [TJti) u G D{Ap{b)), p G X, satisfies u G Wjq^!. 

1 

6. Let 6 : 6 G F|, mdb < 1. TheoremlTJi) and the argument in the proof of Theorem 

[3^ (using the Riesz interpolation theorem) yields a consistent family of Co-semigroups 
onLP, forallpG(^^^;i^,oo). 

7. The author considers the assertion (iv) of Theorem [T] (the ^-smoothness) as the main 

result of the paper. Theorem [H compared to m and Theorem [3^, covers the larger class 
of vector fields, and at the same time establishes stronger smoothness properties of D(Ap(b)): 
D{Ap{b)) C p ^ 1 {q > p), while in |KS] D{Ap{b)) C jp G {d,2j/'/6), and in 

Theorem [3^ D{Ap{b)) C W^’^, p G [l,oo). 

1 

8. The Coo-theory of operator —A + b -V, 5 G F| (Theorem [2]) follows almost automatically 
from the L^-theory (Theorem [T|) (with p > d — 1), in contrast to [KS| . where the Coo-theory 
is obtained from the L^-theory by running a specifically tailored Moser-type iterative procedure 
(see also |Ki] 1. 

9. To the author’s knowledge. Theorem [1] and Theorem [2] are the first results where b can 

combine different kinds of singularities, e.g. {\x\ — 1)“^, /3 < 1, and (originally, the main 

motivation for this work). 

Acknowledgements. I am deeply grateful to Yu. A. Semenov for many important suggestions, 
and constant attention throughout this work. 


1. Proof of Theorem [T] 

The method of proof. We start with operator-valued function 

0p(C, b) -.= (c - A)-1 - Qp{l + Tp)-^Gp, C G O, 

defined in U’ for each p from the interval 

2 2 


X:= 


, mdd < 1 , 


1 + ^/l — mdS' 1 — -v/1 “ 
and step by step prove that, for n = 1 , 2 ,..., 

\\QpiCjbn)\\p^p, ||0p(C,fe)||p^p ^ c|C| ; 


Qp{C,bn) is a pseudo-resolvent; 


0p(C, bn) coincides with the resolvent R{C, —Ap{bn)) = (C + Ap{bn)) ^ on O; 


0p(C, bn) A 0p(C, b) in as n t oo; 














L^-THEORY OF -A + B ■ V, AND FELLER PROCESSES 


Qp{fi, bn) A 1 as /i t oo in uniformly in n. 

All this combined leads to the conclusion: for each p G I there is a holomorphic semigroup 
g-tAp(b) j^p resolvent R{(,—Ap{b)) on E O has the representation 0p(C,6); 

0p(CA) can be written as ABC, where C E B{W-^’P,LP), B E B{LP), A E 5(LP, ^), 

r < p < q, r' = r/{r — 1 ). 

Propositions [Dll] below constitute the core of the proof of Theorem [TJ 

Proposition 1. Let p 

(i) For every l^r<p<q^oo and C £ O (= {C ^ C : Re C ^ k^A}, A = A^) define 
operators on LP 

Qp{q) = {C-A)-W\b\V, Gp(r) = bp - Vie -Tp = 6^ V(C - A)->|P. 

Then Gp(r) is bounded: ||Gp(r)||p^p ^ -Ri,r- Qp{q) and Tp are densely defined (on £), and for all 

/G A 

IIQp(9)/llp ^ A'2,ij||/||p, 

\\Tpf\\p^mdCp6\\f\\p, mdCp6<l, Cp=pp'lA. ( 2 ) 

Their extensions by eontinuity we denote again by Qp{q), Tp. 

{a) Set Gp = bp ■ V(C — A)“^, Qp = iC ~ A)“^|6|P, Pp = \b\p{C — A)“^. The operator Qp is 
densely defined on £. There exist constants Ci, i = 1,2,3, such that 

iiGpiip^p^ciicr^, \\Qpf\\p^c2\cn-^\\f\\p (/ga, cgo. 

(3) 

The extension of Qp by continuity we denote again by Qp. 

(Hi) ||0p(C,6n)||p^p^Cp|Cl-S CGO. 

Remark. The proof of Proposition [1] uses ideas in |BSj . |LSj . and appeals to the LP-inequalities 
between operator (A — A) 2 and “potential” \b\. 

Proof, (i) Let r E (l,oo). Then 

(a.) p X II 1^1 (/^ A) 2 ||p_^p ^ — {prd) ^, Cy. — rr j 4. 

Indeed, define in A = (/r — A) 2 , D{A) = Then —A is a symmetric Markov generator. 

Therefore (see e.g. m ), for any r E (1, 00 ), 

0 < u E D{Ar) V := u^ E D{A^) and c“^||A2u||2 ^ {ArU,u''~^). 

Now let u be the solution of AyU = |/|, / E T”. Note that A y/Jl and ||u||p ^ /i“ 2 ||/||p. 

1 

Since 6 E F|, we have 

{Cr5)~^\\\b\^v\\l ^ 

and so |||6|-u||” ^ Cp(5||/||p||u||”“\ lll^l "^“Vlllr ^ Cr5p~^\\f\\l. (a) is proved. 

{h)p^\ ^ |||6|r(/i - A)"i|6|^/||p ^ Cp(5||/||p, / E T. 
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Indeed, let u be the solution of Au = |f>| »■' |/|, / G £■ Then, obviously, 
or |||6|Eu||r ^ c,.(5||/||r. (b) is proved. 

{c)n^X => \\{n- A)~^\b\^ f\\r ^Cr',SlJ^~^\\f\\r, f 

Indeed, (c) follows from (a) by duality. 

Let us prove ([2]). Let C £ O. Using (jA.lh + (b) with r = p £Z, ^ = X, we obtain: 

\\Tpf\\p ^ md\\bp {K^^Re C - A)~^\b\^\f\\\p ^ mdCp6\\f\\p, f ££. 
rudCpb < 1 since p Gl. 

Next, we estimate \\Qp{q)\\p^p, \\Gpir)\\p^p. Let Re C ^ X, p < q. We obtain: 

\\Qp{q)f\\p ^ ll(Re c - A)"^|6|U|/|||p 

< \\{X-A)-W\b\V\f\\\^ 

(here we are using (lA.bjl l 

^kg [ +X-A)~^b\y\f\\\pdt 

Jo 

(here we are using (c) with r = p£l, p = t + X) 

/*00 ^ 

^ kqCp^^S t~^"^^{t + X)~^dt\\f\\p = K2,q\\f\\p, feS. 

Jo 

Let C G C), 1 ^ < P- Using (IA.2h . we obtain: 

\\Gp{r)f\\p ^ m^,d|||6|p(K^^Re C- A)"^|/|||p 

^ mr,d\\\b\p{X - A)-^\f\\\p 
(here we are using ()A.5I) with q' := r) 

1 1 1 

^mr,dkr' / t~^^^\\\b\p{t +X-A)~^\f\\\pdt 

Jo 

(here we are using (a) with r = p£X,p = t + X) 

1 _ 1 

^mr,dkr'Gp^S t~^^^{t + X) dt WfWp = Ki^rWfWp, / G T. 
Jo 

The proof of (i) is completed. 

(ii) Let Re C ^ A. Using ()A.4p + (c) with r = p £ I, p = \(\, we obtain: 

\\Qpi2C,b)f\\p ^ Cp,,2-|+2|cr^||/||p, f££. 

Now, using the identity (C — A)“^ = (l + C(C “ A)“^)(2C — A)“^, we obtain: 

\\Qp{C,b)f\\p ^ 111 + C(C - A)-^||p^p||gp(2C,6)/||p 
^2Cp,,52-f+i|cr^||/|p 

= c’2icr^ii/iip, 
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Let Re C ^ A. Using ()A.4I) . we obtain: 

llp^p ^ II 1^1 ^(2C ~ ^llp^pll(2C ~ ^llp^p 

<2l+i|||6|i(|C|-A)-4|^p(2|C|)-4 
(here we are using (a) with r = pGX, /i = |C|) 


d I 1 1 


^ C'p, 52 t+i 2 -t 


Id ^ ^ 


Now, using the identity (C — A) ^ = (2^ — A) ^ (l — C(C “ A) ^), we obtain: 

\\Pp{C,b)\\p^p ^ 2Cp,s2i+h-h\c\-'^-w 
= Cs\c\~~^~^. 

Let ( ^ O. Using ()A.3I) + (a) with r = p e I, = \(\, we obtain: 

\\Gp{2KdC,b)\\p^p ^ rridCp^s'^^Cr^■ 

Now, using the identity (C — A)“^ = {2KdC ~ A)~^(l — (2^^ — 1)C(C “ A)“^), we obtain: 

\\Gp{C,b)\\p^p ^ 2KdmdGp^52^\C\~^ 

= G,\C\-^. 

The proof of (ii) is completed. 

{in) By the definition of Qp{C,b), see ([I]), for every C &G, 

II0p(C) llp^p ^ ll(C~A) llp^p + ||(5p||p_).p||(1 + Tp) ||p^p||Gp||p^p 
(here we are using l|2 |) . l|3 |) ) 

^ iCr^ + G2\C \~^~^(1 - mdCp6)~^Ci\C\~^ 

^ ^plCl Cp := 1 + C*iC*2(l — rudCpb) 


□ 


Remark. Since |6ri| ^ |^| a.e., Proposition [T] is valid for bn, n = 1,2,, with the same constants. 


Proposition 2. For every p & I, and n = 1 , 2 ,..., the operator-valued function 0p(C, bn) is a 
pseudo-resolvent on O, i.e. 

0p(C, bn) - &p{r], bn) = (r? - C)0p(C, ^n)©p(l?, bn), C, ^ € O. 

Proof. Define := (—1)^(C — A)“^6„ • V(C — A)“^... • V(C — A)“^, k := # 5„’s. Obviously, 

ep(C, bn) := (C - A)-1 - g (1 + T)-^G 

oo oo 

= (C — A)“^ — Q ^(—l)^r^ G = ^ (absolutely convergent in U’), 


k=0 


k=0 
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oo I 

EE 5*5^-*, C,V^O. (4) 

e=o i=o 

Define 

v) ■■= (C - • V(C - A)-1 ... 6, . V(C - A)-1 

bn • V(r? - A)-^bn • V(r? - A)"' ...bn-V{rj- A)-\ 

3 ■= #C’s, rn := #7/’s, k := #6n’'S- 

Substituting the identity (C — A)“^(r/ — A)~^ = [f] ~ C)~^((C “ A)“^ — [f] ~ A)“^) inside the 
product 

= (_l)fc+i(^_A)-i6„-V(C-A)-^.. 6„-V (C-A)-i(7y-A)-i bn-V{ii-A)-\ .. 6„-V(r?-A)-\ 

'-V-' 

(»7-C)”h(C-A)-l-(»,-A)-l) 


we obtain 5^5;^ = (?? - C) ^(-1)^+-^' [-^^+ 1 ^ - -^fcjii] • Therefore, 

i=0 

= iv — C) ^(.~^Y{^i+ 1,0 ~ ^o,i+i)■ 

Substituting the last identity in the right-hand side of ([4]), we obtain 

CX> 

0p(C, 6n)0(r?, bn) = (t/ - C)-' j;(-l)'(4l,0 - 4,e+l) ={V- C)"' (0p(C, bn)h - Qpirj, bn )). 

£=0 

□ 


ji _|_ r£ ji 

-'1/ ~ -'0/+1 “T -'2,t-l “ -'1/ 


+ •••+/, 


- D 


£+ 1,0 -'£,1 


Proposition 3. For every p G X, and n = 1, 2,..., 

(i) ^Qp{^, bn) A 1 in as /I t oo, 

(ii) ||0p(C, ftn)||p^p ^ CpKI C £ Cl, for a constant Cp independent of n. 

Proof. Proof of (i). Put 0p = Gp{n,bn), Qp = Qp{n,bn), Tp = Tp{fj,,bn), Pp = Pp{n,bn). Since 
fj,{n — A)“^ A 1, it suffices to show that fiQp — fi{fi — A)“^ A 0 in L^. Since 0p G B{LP), and 
is dense in it suffices to show that fiQph — p,{pi — A)~^h —)• 0 in for every h G . 
Write 

Gph - A - A)-A = -gp(l + Tp)~^ bt-ifi- A)-^Vh. 

By ([2])) ll(lTTp) llp^p ^ _ ijj, II ^ ^ ^ ©’ IIQpllp^p ^ C* 2 /i ^ ■ 
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Again, by ([3]), 

IlftI • ifi - A)-^Vh\\p ^|||6nR/U - A)-i|V/i|||p 
<\\Pp llp^p l|V/i||p 

^C3H~^~^\\Vh\\p. 

Therefore, 

WQph - - A)-i/i||p ^ IIQpllp^plKl + Tp)-^\\p^p\K • (/i - A)-^Vh\\p 

^ Co^i~^\Vh\\p, 

which clearly implies (i). 

Proof of (ii). This is Proposition [H in). □ 

Proposition 4. For every p G I, and n = 1,2,..., we have O C p{—kpihn)), the resolvent set 
of —kpihn). The operator-valued function Qp{C,bn) is the resolvent of —Kpihn): 

0p(C) = (C + Ap(6„)) C € C>, 

and 

||(C + Ap(6„)) ^llp^p^CplCl C £ C>. 

Proof. By definition, we need to verify that, for every ("GO, 0p(C,6„) has dense image, and is 
the left and the right inverse of C + Ap(6„). Indeed, Proposition [3)^i) implies that &p{(,bn) has 
dense image. Ap(6„) := —A + 6^, • V, D{Ap{bn)) = W'^’P, is the generator of a Co-semigroup 
g-tAp(b„) jj, Clearly, Qp{Cn,bn) = (Cn + Ap(6„))“^ for all sufficiently large Cn (= C(ll^n||oo)), 
therefore, by Proposition [2l 

&p(Cj bn) = (Cn + Ap(bn)) ^ (l + (Cn “ C) 0 p(C) ^n)) j C ^ C>, 

SO Qp(C,bn)LP C D{kp{bn)) = and (C Ap(6„))0p(C, = 9, 9 G PP, i.e. 0p(C,&n) is the 

right inverse of C + Ap(6„) on O. Similarly, it is seen that 0(C, bn) is the left inverse of C + Ap(6„) 
on O. 


Remark. Alternatively, we could verify conditions of the Kato theorem [Ka2] : in the reflexive 
space PP, the pseudo-resolvent Qp{C,bn) (see Proposition [2]) satisfying pQp{p,bn) A 1 in as 
p f oo (see Proposition [3](ii)) is the resolvent of a densely defined closed operator on PP. This 
operator coincides with —kp(bn) (since 0p(CnAn) = (Cn + kp(bn))~^ for all large Cn)- 

Now, ||(C -|-Ap(6„))“^llp^p ^ Cp\C\~^, C gO, follows from Proposition [3l(ii). □ 

Proposition 5. For every C G O and p gX, 

QpiC,bn) A 0 p(CA) in PP, 

Proof. Put 0p(6) = 0p(CA), Qp(b) = Qp(C,b), Tp(b) = Tp(C,b), Gp{b) = Gp(C,b) (similarly for 
bn’s). It suffices to prove that 

Qibn)il + T{bn))-^G(bn) A Q(6)(l + T{b))-^Gib). 
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Thus it suffices to prove consecutively that 

G{bn) 4 G{b), (1 + T(6„))-1 4 (1 + T{b))-\ Q{bn) 4 Q{b). 

In turn, since (1 + T{bn))~^ “ (1 + = (1 + '^{bn))~^{T{b) — T(6„))(l + T{b))~^, it suffices 

to prove that T{bn) 4 T{b). Finally, 

T{bn)-T{b)=T{bn)-bt-V{C-A)-^\b\^+bt-ViC-A)-^\b\7-Tib), 
and hence we have to prove that 

bt • V(C - A)-i|6p - T{b) := 4 0 and T{bn) - 6* • V(C - A)-i|6|^ := 4 q. 

Now, by the Dominated Convergence Theorem (cf. the argument in the proof of (lA.OIl l. G{bn) 4 
Gib), 4 0. Also 

ll4'Vllp =14(64(144-|64)/llp 

^ I4(4)||p^p||(|6n4 - |64)/||p 

^mrf(l + (5)|cr^||(|6n4 -|64)/||p, (/gT). 

Thus, Jn'^le 4 0. Since ^ maS, we conclude that T{bn) 4 Tib). It is clear 

now that Qibn) 4 (5(6). □ 

Now we are going to prove Theorem [T] using the Trotter approximation theorem [Kail IX.2.6]. 
Recall its conditions (in terms of 0p(C, bn) on the base of Proposition 0]): 

1) SUp„j,i ||0p(C,6n)||p^p ^ C'plCl"^ C G O- 

2) fiSpifi, bn) 4 I in RP as /i t 00 uniformly in n. 

3) There exists s-L^- lim„ 0p(C, 6„) for some C G O. 

Now, I) is the content of Proposition [3Kii). The proof of Proposition [3](i), in fact, yields 2). 
Proposition [5] implies 3). 

Therefore, by the Trotter approximation theorem, Bpi(,b) = (C + Ap(6))“^, C G O, where Ap(6) 
is the generator of the holomorphic (7o-semigroup on L^. 

Hence, the assertions (f), (m) of Theorem [T] follow, (fi) follows from Proposition [3l(ii) and 
Proposition [5j (iii) is obvious from the definitions of the operators involved, cf. Proposition [TJ 
(m) iiv). 

iv) Let C G O. By Proposition [5l Ap(6„)(C + Ap(6„))“^ 4 Ap(6)(C + Ap(6))“^ in L^. Put 
Qpib) = QpiC,b), Tpih) = TpiC,b), Gp(6) = Gp(C,6) (similarly for 6„’s). Since (C + Ap(6))“^ = 
(C - A)“^ - (5p(6)(l + Tpib))~^Gpib), we have 

b-p • V(C + Ap(6))-i = Gp(6) - rp(6)(l + rp(6))-iGp(6) 

(similarly for 6n’s). Since Gpibn) 4 C?p(6), Tpibn) 4 Tpib) in (see the proof of Proposition [5]) , 

bt • V(C + Apibn))-^ 4 b-p • V(C + Ap(6))-1 in LA (**) 
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Now, given u G D{Ap{b)), we have u = (C + A.p(^)) ^9 for some g G L^, and so, for every v G C^, 
{Ap{b)u,v) = {Ap{b){C + Ap{b))~^g,v) 

= lim(Ap(5n)(C + ^p{bn))~^g,v) 

= lim((C + Ap{bn))~^g,-Av) + lim(6^ • V(C + Ap{bn))~^g, {bnl"^v) 

n n 

1 1 / 

(here we are using ([^i and the fact that —>■ \b\^ v in U’ ) 

= iiC + Ap( 6 ))"^g, -An) + ( 6 ^ • V(C + Ap{b))-^g,\b\ ^ v) 

1 1 

= (n, —An) + (ftp • Vn, | 6 |^n). 

1 1 

Next, by the definition of class F|, | 6 | G Since for u G D{Ap{b)), bp • Vn G LP, it follows that 
1 1 

b ■ Vn = \b\^ bp ■ Vn G Also, Ap{b)u G and hence {Ap{b)u,v) = {u, —An) + {b ■ Vn, n). 
Therefore, An (understood in the sense of distributions) = —Ap( 6 )n + 6 -Vn G i.e. n G 
The proof of (n) is completed. 

For the proof of (viii) see the argument in |Se[ p. 415-416]. 

The proof of Theorem [T] is completed. 

2. Proof of Theorem [2] 

It is easily seen that, due to the strict inequality < 4 ( ; for every 6 > 5 such that 
there exist e„ > 0 , I 0 ; such that 

1 

bn •— Vsn * bn ^ F?, n = 1, 2,... 

(i) We verify conditions of the Trotter approximation theorem: 

1°) sup„ ||(Ai +Ac^(6n))"^|| OO—^ 1; A ^ KdA. 

2 °) fj,{g + Ac^ {bn))~^ —>■ 1 in Coo as t oo uniformly in n. 

3°) There exists s-Coo-lim„(|U + Ac^{bn))~^ for some /r ^ k^X- 

The condition 1°) is immediate. In view of 1°), it suffices to verify 2°), 3°) on 5, the L. Schwartz 
space of test functions. Fix p^Z,p>d—1 (such p exists since rridd < 

Proposition 6. For every p ^ KdX, n = 1,2,..., Qp{p, bn)S C S, and 

(/r + Af7j^ ( 6 ^)) I 5 0p(/r,^n)|5- 

Proof. The inclusion Qp{p,bn)S C 5 is clear. Clearly, &p{pn,bn)\s = [Fu + Acoo(^n ))~^|5 for all 
sufficiently large pn (= A(ll^n||oo))- By Qp{p,bn)S C S and Proposition [2l &p{p,bn)\s satishes 
the resolvent identity on /i ^ k^A, 

Qp[Pi bn)\s — {l^n T X-Cao {bn)) A {l-^n /r)0p(/r, fen)) IB) P ^ KdX, 

so Qp{p,bn)\s is the right inverse of p + Ac,^{bn)\s on p ^ KdX. Similarly, it is seen that 
Qp{p, fen )|5 is the left inverse of p + Ac,^(fen )|5 on p^ KdX. □ 

Proposition 7. For every p ^ KdX, Qp{p,b)S C Coo, and 

Qp{p,bn) ^ ^pifa^b) in Coo. 
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Proof. By Theoremsince p > d — 1, 0p(/i, b)LP C Coo- Put 

Qp{q,b) = Qp{q,fi,b), Tp{b) = Tp{p,b), Gp{b) = Gp{p,b). 

To establish the required convergence, it suffices to prove that 

(p - 6^(1 + T{bn))-^G{bn) 4 (^ - 6)(1 + T{b))-^G{b) in Coe- 

_ 1 _ J_ 

We choose q (> p) close to d — 1 so that {p — A) 2 25 Coo- Thus it suffices to prove that 
G{K) 4 G{b), (1 + T{K))-^ 4(1 + T{b))-\ Q{q, bn) 4 Q{q, b) in 
which can be done by repeating the arguments in the proof of Proposition [5j □ 


Proposition 8. 

pQp{p, bn) 4 1 as ^ t 00 m Coo uniformly in n. (5) 

Proof. Put Qp = Qp{p,bn), Tp = Tp{p,bn). Since p{p — A)“^ 4 1 in Coo, and S is dense in Coo, 
it suffices to show that \\p&pf — p{p — A)“^/||oo —)• 0 for every f £ S. For each f £ S there is 
h £ S such that / = (A — A)~^h, where A = A 5 > 0. Let q > p. Write 

Spf -ip- A)-V = -il^ - A)-'^-^.Qpiq){l + Tp)-hliX - A)-5 • (p - A)-^Vh. 

Now, arguing as in the proof of Proposition [3Kii) , but using estimates 

ll(+- ^)" ^ lip—>-oo ^ cp 2 2 p 2 q ^ c + 00 , and I|l5p(^)llp —>p ^ (see (13|) 1 ^ 


we obtain 

1104 -ip- A)-V||oo ^ Cp--^ + ^r-^^p-^\\Vh\\p. 
Since p > d — 1, choosing q sufficiently close to p, we obtain 


1 d 1 ^ 

-_ 1 _ - — - — 

2 2p 2q 


so pQp — pip — A) ^ 4 0 in Coo, as needed. □ 

Now, Proposition[3verifies condition 3°), and Proposition[ 8 ]verifies condition 2°). The assertion 
(i) of Theorem [ 2 ] now follows from the Trotter approximation theorem. 

Assertion (if) of Theorem [2] follows from Theorem [T](m). 

The proof of assertion iiii) is standard, and is omitted. 

Remark. We could construct alternatively as follows: 

■= (after a change on a set of measure zero), f > 0 , 

where p £ id 
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Appendix A. 

Define In := \\{b - 6n) • V(C - A)"Vl|i- 
1. Let b G For every f £ and Re C ^ 

In ^ 0 as n t oo- (A-0) 

Proof of (jA.Op . Since In ^ 2md|||6|(A — A)~ 2 |/|||i 2mw(i|| f||i. it suffices to prove (lA.Oh for each 

/ G n L°°. Let / G n L°°,\ > 0 and b be fixed. Since |6|(A — A)~^f \ G for a given 
e > 0, there exists 1C, a compact, such that 

||(l-l^)|6|(A-A)-^|/||K^e, 

where l/c is the characteristic function of 1C. Define /jc,n := \\lK\b — f)n|(A — A)“ 2 1/|||;^. Clearly, 

lK,n ^ A“2 ||/||gj3||l^|6 — 6^11|]^. 

Since |6| G and 1C independent of n = 1, 2,... , 

||l/c|b- ^nllli < ||1|6|;>„(1 /c|6|)||i 0 as n t oo. 

Therefore, for a given e, there exists no = no(e) ^ 1, such that I]c,n ^ e whenever n ^ no, and so 

In ^ Sm^e 'Cn^ uq. 

□ 


We use the following pointwise estimates {x,y G M'^, x ^ y). 


2. For every ReC > 0, 

|V(C - A)“^(x,y)| ^ nidirq^ReC,- A)"^(x,y), (A.l) 

where m'^ := Tr{2e)~^d'^{d — 1)^“'^, Kd ■= • 

For every r G (l,oo] there exists a constant rur^d < oo such that for all ReC > 0, 

|V(C - A)“^+^(x,?/)| ^ rUr^dinf^ReC - A)~^+^{x,y). (A.2) 

3. For every ReC > 0, 

|V(C - A)“^(x,y)| ^ 2imrf|^K;C^2"5|C| - A^ {x,y), (A.3) 


I(C - A)-h{x, y)\ ^ 2l+i ( 2-^ Id - A ) ' (x, y). 


(A.4) 


Proof of (jA.ip . Let a G (0,1). Set c{a) := sup^^o?® — a) 2 e 2 ] ^ so that 


Ce ^ c{a)e for all C > 0. 


We use the well known formula 


1 

(C-A)“^(x,y) =-^ / e~‘^Hi~^{A7Tty 
^ Uj Jo 


d \x-y\ , 

2e 4t dt , 0 < 7 ^ 2, 










LP-THEORY OF -A + fe-V, AND FELLER PROCESSES 


17 


first with 7 = 2 , and then with 7 = 1 , to obtain: 

1*00 

Jo 


d\x — v\ 7-J/P . 
"2 J-- ~dt 


2t 


^ c 

< C 


By (|lj) with ^ := 


k - y\ 

2Vi 


(Q;)a“ 2 “ 2 +iy (47rt)-2e“ ' dt ^hange t/o: to 


= c(a)a2 2rQ^(aReC-A) 2(x,y). 

Now, we minimize c(a)a 2 “ 2 r(i) in a G (0,1). The minimum is attained at ad = (=: 

and is equal to md- 

The proof of (IA.2p is similar. □ 

Proof of (IA.3I) . First, suppose that Im C ^ 0. By Cauchy theorem, 


/•OO 

(C - A)“i(x,y) = / e"^*(47rt)- 

Jo 


d \x-y\^ 

2 e it dt = I e 

lo 


f 


—jdLd 


^-y\^ 


—j'lLii/, \_H-TIT 7ZL , 

e 4 2 ( 47 rr) 2 e 4 re t g 4 dr, 


(i.e. we have changed the contour of integration from {t : t ^ 0} to {re *4 ; r ^ 0}). Thus, 


|V(C-A)-1(x,2/)| ^ 


-Cre*^ 


(dvrr) 


X - y 


2r 


7-yr 


g 4re^'^ 


dr. 


We have 


Therefore, 


—("r’e*4 I ^ —r-l=(Re Im i ' iW \ ^ _ \^ v\ 1 iai 

s ^ I ^ e , e 4 re*T ^ e , Re C — Im C ^ ICI- 


|V(C-A)-Hx,y)| ^ 

Jo 


e '■72l^l(47rr)-i 


X - y 


7-pr 1 ^ . 

e dr change rv 2 to rj 


= 24 / e- 

Jo 

d 


"5^1(4 


_d 
:7rr) 2 


2r 
X - y 


2r 


\^-yr , 
e 4 r dr 




2imd 


e 2 l^l( 47 rr) 2 r 2 e ' 4 r' dr (cf. proof of (jA.ip ) 


r(i) , 

= 2imd(K4'2“'|CI - 7~’ (='■!') 

which yields (IA.3P for Im C ^ 0. The case Im(^ > 0 is treated analogously. 
Proof of (IA.4F First, suppose that Im C ^ 0. By Cauchy theorem, 


(C — A) 2 (x,y)= / e 2 ( 47 rt) 2 e 4,t dt 

Jo 


□ 


/ e^ ^rag se 4 2 (47rr) 2 e 47-e*^ g Adr 
Jo 
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e %/2'^'r 2(47rr) 2e 


so we estimate as above: 

|(C-A)-i(x,y)|^ r 

JO 

= 2^+1 (2-i|C| -A)"Mx,y). 

The case Im (" > 0 is treated analogously. □ 

4. In the proof of Proposition [I] we need the following formula: for every Re f > 0, q £ (1, oo), 




(C-A) W = Cq ! t {t + C - /\) 2dt, Cq-.= 


rQ) 


r(^)r(^) 


(A.5) 
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